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Abstract

The dimensions of the symmetry classes of tensors associated with the projective
special linear group of degree 2 over a field with ¢ elements, PSLs(q), are found. Of
course we will assume PSLs(g) as a subgroup of the symmetric group S,41 because
this group has a faithful action on the points of the underlying projective space. We
also discuss the non-triviality of the symmetry classes of tensors associated with each
irreducible character of PSLa(q).
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1 Introduction

Let V be an s-dimensional vector space over the complex field C. Let é}V be the t-th
tensor power of V' and write v; ®- - - ®vy for the tensor product of the indicated vectors. To
each permutation ¢ in the symmetric group S; there corresponds a unique linear operator
P(o): éV — (§t§>V determined by P(c)(v1 ® --- @ vt) = Vy-1(1) @ - -+ ® Ug—1()- Let G be a
subgroup of S; and let I(G) be the set of all the irreducible complex characters of G. It

follows from the orthogonality relations for characters that

TG &V —aV| T(G,x) = >|<é¥1) > x(0)P(a); x €1(G) }

o€l
t
is a set of annihilating idempotents which sum to the identity. The image of ®V under

T(G, x) is called the symmetry class of tensors associated with G and x and it is denoted
by VI(G). Tt is well-known that

dim V}(G) = e > x(e)s ) (1)
oeG

where ¢(0) is the number of cycles, including cycles of length one, in the disjoint cycle

decomposition of o (see [7]).



Let T% be the set of all sequences o = (o, ..., ;) with 1 < a; < s, S0 « is a mapping
from a set of ¢ elements into a set of s elements. Then the group G acts on I'; by o.a0 :=
(Qg-1(1)s -+ s Xp-1()) Where o € G is a permutation on ¢ letters and a € 't is a mapping
from a set of ¢ elements into a set of s elements. Therefore the action may be written as
o.c = ac~! which is a composition of two functions. Let O(a) = {0.a| ¢ € G} be the
orbit with representative «, also let G, be the stabilizer of «, i.e., G, = {0 € G| 0.a = a}.

Let A be a system of distinct representatives of the orbits of G acting on T'} and define

Z:{QEA} Z X(a);«éO}.

O’GGa

Let {e1,...,es} be a basis of V. Denote by e, the tensor T'(G, x)(€q, ® - R eq,). For
yeA, V¥ = (e, | oeG)is called the orbital subspace of V(G). Tt follows that

vie) =y (2)

yEA
is a direct sum. In [4] Freese proved that
1
dimV,;k = & Z x(o), (3)
|G'Y’ el
y
but the above formula can be written as
dim V' = x(1) (x le,» 1) g, - (4)

If there exists v € T’} for which (X le’lG’y)Gv # 0, then we have dimV} > 0.
Therefore by (2) we have VY(G) # 0. So to show the non-triviality of the vector space
VI(G), it is enough to show that there exists v € T’} for which (x le,, 1GW)G7 # 0.

Several papers are devoted to calculating dim V(G) in a more closed form than (1).
Cummings [1] in the case that G is a cyclic subgroup of S; generated by a cycle of length
t gives a formula for dim VY(G). In [5] the case when G is a dihedral group of order 2t is
considered and a formula is given when G is equal to the whole group S; in [8] and [9].
Also in [10] a formula for calculating dim V(G) in the case that G = (m1) - -- (m,) and in
[2] for G = (w1 ...m,) is given, where m;, 1 <1 < p, are disjoint cycles in S;.

In this paper we compute dim V;(G) for the projective special linear group of degree
2 over a field with ¢ elements, namely we let G = PSLs(q), where ¢ is a power of a prime

number. We also discuss about when these vector spaces are nonzero.



2 Projective Special Linear Group

The special linear group of degree 2 is denoted by SL2(q), where ¢ = p™ and p is a prime
number and n is a nonnegative integer. The character table of this group when p = 2 or
p is an odd prime is given in [3]. We use these characters with the same name as in [3].

It is well-known that, if N << G and x is a character of G with N C ker x and if x is
a function defined by x(gN) = x(g), then x is a character of G/N. Conversely if x is a
character of G/N, then the function y defined by x(g) = x(¢IV) is a character of G having
N in its kernel. In both cases x € I(G), N C kery, if and only if x € I(G/N) (see [6]).
Since the projective special linear group of degree 2, G = PSLy(q), where ¢ = p™, p is a
prime number, n is a nonnegative integer, is a quotient of SLs(q), we can compute the
character table of G = PSLa(q). These are given in Tables I, II and III.

It is well-known that G = PSLa(q) acts faithfully and 2-transitively on the g+ 1 points
of the projective line © and so we can assume that G = PSLs(q) is a subgroup of Sq1,
therefore V>?+1(G) is meaningful for any y € I(G) and we want to compute the dimensions
of these vector spaces for all y given in Tables I, IT and III. By formula (1), to do this, we
need to know the permutation structure of the elements of G.

Now we want to obtain the permutation structure of each element of G = PSLy(q)
as a subgroup of S,y1, but since elements in the same conjugacy class have the same
permutation structure, we obtain the permutation structure of a representative from each
conjugacy class of elements of G.

For g € G, let fix(g) = {i] 1 < i < ¢+ 1, g(i) = ¢}. Then 0 defined by 6(g) =
lfix(g)], g € G, is the permutation character of G acting on the set of points. Since
G acts 2-transitively on the set of points, it is well-known that v : G — C defined
by v(g) = |fix(g)] — 1, g € G, is an irreducible character of G (see [6]). In the case
G = PSLy(q); ¢ is odd, ¢ = 1; v is equal to one of the irreducible characters in Table
I. Since v({—1I,I}1) = (¢+ 1) — 1 = ¢, v must be equal to ¥, so |fix(¢g)] = 1 + ¥(g),
g € G, from which we obtain the [fix(g)| row in Table IV. In the other cases we obtain the
fix(¢g)| row in Table V and VI. Therefore using |fix(¢)| row and o(g) row in Tables IV, V
and VI, we obtain the permutation structure of elements of G = PSLs(q). Perhaps a few
words may be necessary to explain the cycle structure of elements of PSLs(q). We use [3]
for the matrix shapes of a,b,c and d as they appear in Tables IV, V and VI. In the case
G = PSLy(q); q is odd, ¢ = 1; if an element x has order r and r is a prime number then
all the non-trivial cycles appearing in the cycle structure of x must have length r from
which the cycle structure of {—1I,I}e, {—I,1}d and {—1I,I}a(9=1/* that have orders p,p



and 2 respectively follows. For {—1I,I}a' we note that {—1I,I}a has two fixed points and
two cycles of length (¢ — 1)/4. Now according to the properties of permutations we can
find the cycle structures of powers of {—1I, I}a. The element {—1,1}b is a Singer-cycle and
consists of only one cycle and the cycle structures of its powers is clear. The discussion is

similar in the other cases.

3 On the Dimensions of Symmetry Classes of Tensors As-
sociated with G = PSLy(q)

As we remarked earlier the group G = PSLs(q) acts faithfully on the set of the one-
dimensional subspaces (v) of Vy(q). Therefore we regard G as a subgroup of the symmetric
group on the g + 1 letters and find the dimensions of the symmetry classes of tensors
associated with each irreducible character of G. Note that the names of the irreducible
characters of G = PSLy(q) are as indicated in [3]. In the following (a,b) denotes the
greatest common divisor of a and b; and p and ¢ are primitive (¢ — 1)th and (¢ + 1)th
roots of unity in C respectively.

Theorem 1 Let G = PSLy(q) as a subgroup of Sqy1; where q is odd, ¢ = p", q 2 1;
and let V' be an s-dimensional vector space over the complex field C. Then we have the
following formulae for the dimension of V>?+1(G) where x € 1(G).

(¢—=5)/4
. 2 n—1 _
dim V! I(G):m{smﬂf—l)sl“’ talg+1) 3 STOOTHE
=1
) (@-1/4
3)/2 2(m 1)/2
Fralg DS gl 1) Y ST >}7
m=1
5 (a=5)/4 .
dim V(@) = 71 |:q5q+1 talg+1) Y AN Sala+ 1)s(a+3)/2
=1
S e
Salg-1) 3 S
m=1
) (¢—=5)/4 . l l
. 1 1 2 14+p™~ % —1 242 -1)/2
dim V" @) =1a=1 {(qul)S‘” +(@® =08 g+ 1) D (p +p st

=1
1 o e
+5ala+1)(p (a=1)/4 4 ,=ila 1)/4)5“”3)/2]7

i=2,4,6,...,(q—5)/2



(g—1)/4

2 n— ) .
dim V9q_+1(G) _ [(q _ 1)Sq+1 _ (q2 _ 1)51+p 1 _ q(q _ 1) Z (Ujm +o Jm)SQ(m,(q-H)/?) ,
g q(q+1) —
j=2,4,6,...,(¢—1)/2

11 1 . @D
. 1 1 2 14p™~ 2+42(1,(g—1)/2
dim V™ (G) = =1 {5((]-1- 1)s?th + Jla" = 1)s U glg+1) Y (m1)lstTEEL

=1
— 1
+ (=D (g + 1)8(”3)/2},

11 1 . @Rt
i 1 1 2 1+p™~ 2+42(1,(g—1)/2
dim V™ (G) = =1 {§(q+1)sq+ + 5@ =D (gt 1) Y (-t

=1

_ 1
+ (_1)(q 1)/4§q(q + 1)S(q+3)/2}

Proof. It is clear that if 7 is a cycle of length @ and (a,k) = d, then 7* has d
cycles of length a/d, therefore c(7*) = d = (a, k). Now the permutation structure of the
elements of G = PSLy(q) when acting on the ¢ + 1 one-dimensional subspaces are found
in Table IV and from formula (1) the theorem follows. Note that in any case PSLa(q)
acts 2-transitively on the ¢ + 1 projective points and its permutation character 6 is given
by 6 = 1+ . In fact 8(g) = 1 + ¢(g) is equal to the number of points left fixed by
g € PSLy(q) which can be computed from Table I and which is indicated by fix(g). O

Similar to the above, we obtain Theorem 2 and 3 below.

Theorem 2 Let G = PSLy(q) as a subgroup of Sqy1; where q is odd, ¢ = p", ¢ 2 3;
and let V be an s-dimensional vector space over the complex field C. Then we have the
following formulae for the dimension of Vf“(G), where x € 1(G).

(¢—3)/4

. 2 n—1 _

dim ‘/vlqc;rl(G) — ] |:Sq+1 + (q2 o 1)81+p + q(q + 1) Z 82+2(l7(¢1 1)/2)
q(q®> — 1) =1
(g—3)/4 1
2(m,(q+1)/2 1)/2
Falam1) S Sy Lot 1y,
m=1
9 (¢q—3)/4 (¢=3)/4
dim V£+1(G) _ q2 — qqurl + q(q + 1) Z 82+2(17(4*1)/2) _ q(q _ 1) Z SQ(m,(q+1)/2)

=1 m=1

_ %q(q _ 1)S(q+1)/2} ,



(¢=3)/4

. 2 n—1 ) . B
dlmefl(G) = m[(q+ 1)Sq+1 + (q2 _ 1)81+p +aq(g+1) Z (p” +p 11)82+2(l,(q 1)/2) ,
=1
i=2,4,6,...,(q—3)/2
) . (a-3)/4 _
Am Vi (6) = 2 [ D = @ D g 1) 3 (7 s
i q(q+1) =
1 . .
Ll - DT o J(Q+1)/4)S(Q+1)/2:|7
]:2,4,6,,((173)/2
11 1 -1 X (mu(a+1)/2)
dim V,X7H(G) = {f — s (P =D —gg—1 —1)mgPlmlath/2
w @)= gy (3 5@ -1 a(g—1) mz::l (-1)
1
T 1)s<q+1>/2] 7
11 1 -1 X (mo(a+1)/2)
dim V2H(@) = {f — s (P =)' —gg—1 —1)mgPlmlat)/2
w (@)= gy (3 5@ =1 a(g—1) mz::l (-1)

1
+ (_1)(q+5)/4§q(q _ 1)S(q+1)/2] .

Theorem 3 Let G = PSLs(q) as a subgroup of Sqy1; where q is even, ¢ = 2"; and let
V' be an s-dimensional vector space over the complex field C. Then we have the following
formulae for the dimension of V>?+1(G), where x € I(G).

(a-2)/2
1
dim VI (@) = ——— |7 1 (g% = 1)s9D72 { g(g+ 1 g2 (La—1)
q/2
Falg=1) Y ),
m=1
(g—2)/2 q/2
dmVITH(G) = g [as" +alg+ ) 3 STV —glg—1) 3 ST
=1 m=1



(a=2)/
dm VIT(G) = oy | @+ D™ 4+ (@ = DT a(a 1) D (07 4 p”)swl’“)] :
=1
i=1,2,... (q—2)/2
1 a/z _
am Vi (6) = A = 057 - @ - 050 gl - 1) Y (@0 oS
m=1

j:1727"'7q/2

4 On the Vanishing of Symmetry Classes of Tensors Asso-
ciated with G = PSLy(q)

In this section, we discuss the question of when the symmetry classes of tensors associated
with G = PSLy(q) are nonzero vector spaces. If dimV = s = 1, then it is clear that for
all x, x € I(G) — {1g}, V¥TH(G) = 0 and qugl(G) # 0. Therefore we deal with the case

dimV = s = 2 in the following theorem.

Theorem 4 Consider G = PSLa(q) as a subgroup of Sg+1 and let V' be a vector space

over the complex field C, such that dimV = s = 2.

a) If q is odd, ¢ = p™, q 2 1; then for all x, x € (G)—{xi,&1,&2| i = 2,4,...,(q—5)/2; i 2

2}, we have V)?H(G) # 0. Additionally if q 2 1, then Véqu(G) #0 and Vgl(G) #0,

b) If q is odd, ¢ = p", q é 3; then for all x, x € (G)—{0;,m1,m2| j = 2,4,...,(¢—3)/2; j é

0}, we have V>?+1(G) # 0. Additionally if q z 3, then anlﬂ(G) # 0 and anQH(G) #0,

c) If q is even, ¢ = 2"; then for all x, x € I(G) —{6;| 1 < j < q/2}, we have VIt @) #o.
Proof. Let v = (1,1,2,2,...,2) € Fg“ and consider the action of G on the set of

2-subsets of ) consisting of the ¢ + 1 points; Q{2}. This action is transitive and let

G{Q}, QCaq, |§~2\ = 2, denote the setwise stabilizer of Q. It is easy to see that G, = G{Q}.

By Frobenius reciprocity we have (x la,,lc,)a, = (x; 1a, 1%)q. But lg, 16= 10{9} 16=

¢ is the permutation character of G acting on Q2. So

(x e, 1a,)a, = (. 8)a (5)

where £(g) is the number of 2-subsets of Q fixed by g. Consider g as a permutation on 2

and recall that the permutation character of G on 2 is denoted by 6. Therefore there are



(9(29)) subsets of € of size 2 which are fixed by g setwise. A simple calculation shows that
there are %(9(92) — 6(9)) cycles of length 2 in the cycle structure of g and therefore the
total number of 2-subsets of (2 fixed by g is

2y _
&(g) = (9(29)) LA —66) )2 o) _ % (6(9)* +6(g%)) — 6(9).

Using Tables IV, V and VI we computed the values of £ which are given in Tables VII,
VIII and IX.
If ¢ = 1, then the following decomposition of £ is computed using Tables I and VII,

. 8
lag+2¢0+230 4 Xi+ 2 aaXa ¥ 2250+ +& if ¢=1,

g+ 2y +2 Ziéo Xi + 220 odd Xi T 2250 otherwise.

Therefore by (5) if x € I(G) — {xi€1,&| i = 2,4,....(q — 5)/2; i = 2}, then
(x la,:16,)a, # 0 and so V>?+1(G) # 0, additionally if ¢ 2 1, then (&1 la,,1c, ), # 0
and (& la,,1la, )G, # 0 and so nglJrl(G) # 0 and VgFI(G) # 0.

Furthermore, using Tables IT and VIII when ¢ 2 3 we are able to decompose ¢ as

follows,
, 8
1G+¢+zixz‘+2zjé20j+zj0dd0j-|—771—|—772 if g=3,
£ = -
la+y+3,xi+2 Zjé2 0 + 2, 0ad 9 otherwise.

Therefore by (5) if x € I(G) — {8, m,m2| j = 2,4,...,(¢ —3)/2; j = 0}, then (x la,

1a)a, # 0 and so VITH(G) # 0, additionally if ¢ = 3, then (my |a.,lg,)q, # 0 and
(2 la.r 16,)e, # 0 and so Vi (G) # 0 and VLT (G) # 0.
Also if g is even, then by Tables IIT and IX we have

E=lag+v+ > xi
Therefore by (5) if x € I(G) —{0;] 1 < j < ¢/2}, then (x lg,,1c,)c, # 0 and so
vaith@) £0. O

Theorem 5 Consider G = PSLa(q) as a subgroup of Sg+1 and let V' be a vector space
over the complex field C, such that dimV = s > 3. Then for all x, x € I(G), we have
(@) # 0.



Proof. First we assume that dimV = s = 3. Let v = (1,2,3,3,...,3) € Fg“ and
consider the action of G on the set of ordered pairs of points of  namely Q®. This
action is transitive and let G g, Q C Q, |Qf = 2, denote the pointwise stabilizer of €.
Therefore G, = G(Q). By Frobenius reciprocity we have (x la,,1lc,)a, = (X, la, 9.

But 1¢, 16=1q . 19= ¢ is the permutation character of G acting on Q3. So

@
(X leyi1ay) e, = (€)a (6)

where &'(g) is the number of ordered pairs fixed by ¢ and so using similar techniques as

in the previous theorem we get

(g
¢ =2("Y) =0 - 10)
We computed the values of & in Tables VII, VIII and IX. Using these tables and the
character table of G = PSLy(q) we obtain

€=1g+3p+2) xi+2) 0;+&+&,
i J

when ¢ 2 1 and therefore by (6) if x € I(G), then (x la,,1a,)c, # 0 and so VfH(G) # 0.
If ¢ = 3, then
E=1a+30+2> xi+2) 6;+m+n.
¢ J
Therefore by (6) if x € I(G), then (x lg,,1a,)c, # 0 and so V)?H(G) # 0. If g is even,
then

=la+20+> xi+ > 0;
i J

Therefore by (6) if x € I(G), then (x lg,,1qg,)a, # 0 and so V>?+1(G) # 0. So we proved
that if dimV = s = 3, then V7™ (@) # 0, for all , x € I(G).

Now we assume that dim V' = s > 4. In this case if we consider v = (1,2,3,4,4,...,4) €
FZH, then by Tables IV, V and VI the elements of G; except the identity, fix at most
2 points of © and so G is the trivial subgroup of G, i.e., G, = {1}; therefore for all y,

X €1@), (x la,, 1a,)a, = x(1) # 0 and so V¥T'(G) #0. O



Table 1

The character table of G = PSL2(q); ¢ is odd, ¢ =p", ¢ é 1; |G| = %q(qQ —-1)
g |{-I,1}1 {~I,T}c {~I,1}d {~1I,1}d {—1I,I}al7= /4 {~I,1}p™
l(9)] [ 1 3 -1) 3@ —1) q(g+1) za(g+1) q(g—1)
(¢g=1)/2 (q+1)/2
o) |1 b d (NEESYYE) 2 (EXCEEE)
la 1 1 1 1 1 1
Y| g 0 0 1 1 -1
i |g+1 1 1 pil g pil pila=D/4 4 pmila=1)/4 0
0; qg—1 —1 —1 0 0 _(Ujm +0_7jm)
& | 5(g+1) 11+, 11— ya) (—1)! (—1)(a=1/4 0
& | alat1) (1= va) F1+ V) (-1 (~1)ta-b/4 0
1=2,4,6,...,(¢q—5)/2 , 1=1,2,...,(¢q—5)/4 , pzezﬂm/qfl
J:274:67,((1—1)/2 5 m=1,2,,(q—1)/4 s 0‘:@27"\/?1/‘14'1
Q) =4+ 155 4 11 = ot
Table I1
The character table of G = PSL2(q); ¢ is odd, ¢ =p", ¢ é 3; |G| = %q(q2 —-1)

g |{-I1,111 {-I,I}c {~I,I}d {—1,1}d {—I,I}b™ {—I, T}plat)/4
l(g)| | 1 3@ —1) 3@ -1 qg+1) q(g— 1) zalg—1)
a—D/2 @rD/2

olg) | 1 p p ey B CXCEENYE) 2

le |1 1 1 1 1

Y olg 0 0 1 -1 -1

xi |g+1 1 1 plt+pTH 0 0

0; g—1 -1 -1 0 _(O-jm + U*jm) _(o-j(q+1)/4 + O—*j(q+1)/4)
m | 3@-1) —3(1-v=9) —301+v=q) 0 (=1)m*t (—1)latois
e | 30¢-1) —30+v=q9 -301-v=0q 0 (=pm*t (—1)latois
i=2,4,6,...,(¢q—3)/2 , 1=1,23,...,(¢q—3)/4 , p=e>V Vil
§=2,4,6,....(¢q—3)/2 , m=1,23,...,(¢q—3)/4 , o=V Vatl

(G| =4+ 458 4 8 = a5

10



Table 11T
The character table of G = PSL2(q); q is even, ¢ = 2"; |G| = q(¢*> — 1)

g {131 {l}c {1}d' {r3om
(9)] | 1 ¢ -1 q(g+1) q(g —1)
-1 +1
o(g) | 1 2 W1 gty
le |1 1 1 1
P | q 0 1 -1
i |g+1 1 pil 4 il 0
0, |¢q—1 -1 0 —(g9™ 4 g™I™)
1<i<(¢g—2)/2, 1<1<(q—2)/2, p=e*V il
1<j<q/2, 1<m<q/2, o=Vl
(@) =242 +2=q+1
Table IV
The permutation structure of elements of the group G = PSL2(q) < S¢+1; ¢ is odd, ¢ =p", q 2 1;
|G| = 34(¢* = 1)
g {(-1,1}1 {-I,I}¢ {-I,1}d {~I,1}d {—I,T}ale=D)/4 {—I1,1}p™
|(9)] 1 3@ -1 (-1 q(g+1) 39(g+1) q(g—1)
(¢=1)/2 (¢+1)/2
o(g) ! P p T=1)/2) 2 (n. (g7 11/2)
[fix(g)| q+1 1 1 2 2 0
T 1 o1 1 o1 2 (a—1)/z 20,(a=1)/2) 20(q—1)/2 (g+1)/2  20m,(a+1)/2)
per. stru. of g | 17 1'p? 1°p? m 12201/ m
1<1<(qg—5)/4
1<m<(¢g—1)/4

11



Table V

The permutation structure of elements of the group G = PSL2(q) < Sq+1; ¢ is odd, ¢ =p", ¢ = 3;

|G| = 4q(¢® — 1)

g (1.1} {-LI}e {-I,1}d (=1, 1}d' (=1, 13" {1, Iyl
(9)] 1 352 -1 3(@*-1 q(g+1) q(g —1) 39(¢ = 1)
(g—1)/2 (g+1)/2
o(9) ! P p w172 (g T1)/2) 2
[fix(g)] qg+1 1 1 2 0 0
41 1 _pn—1 1 _pn—1 2 (¢—1)/2 2(1,(g—1)/2) (q+1)/2 2(m,(¢+1)/2) (q+1)/2
per. stru. Ofg 1q 1 pp 1 pp 1 m m 2 g
1<1<(¢g—3)/4
1<m<(¢g—3)/4
Table VI
The permutation structure of elements of the group G = PSL2(q) < Sq+1; ¢ is even, ¢ = 27;
|Gl =4q(¢* - 1)
g {131 {I}e {1}d’ {11
|(9)] 1 ¢ -1 q(g+1) q(g—1)
—1 T1
o(9) 1 2 orE) gt T)
[fix(g)| qg+1 1 2 0
+1 16q/2 2 g—1 (,g—1) +1 (m,q+1)
per. stru. Of g 1(1 1 2q/ 1 (l?qifl) m
1<1<(q—2)/2
1<m<gq/2

12



Table VII
G = PSL2(q); qis odd, ¢ =p", ¢ 29

g {1,111 {(-I,I}e {-I,1}d {-I,I}a' {—I,I}a'"D/* {—I 1}b™

ICa(9)| | $q(a® —1) q q qg—1) q—1 $(q+1)

0(g) |q+1 1 1 2 2 0

&) | 39(qg+1) 0 0 1 Lg+1) 0

¢(g) |alg+1) 0 0 2 2 0
1=1,2,...,(q—5)/4
m=1,2,...,(q—1)/4

Table VIII

G = PSL2(q); qgis odd, ¢ =p", ¢ 23

g {(-1,1}1  {-I,I}¢ {-I,1}d {-I,I}a' {-I,1}b™ {—I,1}pla+D/4
ICa(9)l | 39(¢* — 1) q q s5(a—=1)  3(g+1) q+1
0(g) q+1 1 1 2 0 0
£(9) | 39(g+1) 0 0 1 0 Lg+1)
§'(9) |alg+1) 0 0 2 0 0

1=1,2,....(q—3)/4
m=1,2,...,(¢q—3)/4

Table IX
G = PSL2(q); q is even, ¢ = 2"

g {131 {I}c {I}a' {1}p™
ICa(g)l | a(®—1) ¢ q—1 q+1
bg) [g+1 1 2 0
&g) | 39a+1)  iq 1 0
§'(9) |alg+1) 0 2 0
1<1<(¢g—-2)/2

1<m<q/2
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