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Abstract

The dimensions of the symmetry classes of tensors associated with the projective
special linear group of degree 2 over a field with q elements, PSL2(q), are found. Of
course we will assume PSL2(q) as a subgroup of the symmetric group Sq+1 because
this group has a faithful action on the points of the underlying projective space. We
also discuss the non-triviality of the symmetry classes of tensors associated with each
irreducible character of PSL2(q).
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1 Introduction

Let V be an s-dimensional vector space over the complex field C. Let
t
⊗V be the t-th

tensor power of V and write v1⊗· · ·⊗vt for the tensor product of the indicated vectors. To
each permutation σ in the symmetric group St there corresponds a unique linear operator

P (σ):
t
⊗V →

t
⊗V determined by P (σ)(v1 ⊗ · · · ⊗ vt) = vσ−1(1) ⊗ · · · ⊗ vσ−1(t). Let G be a

subgroup of St and let I(G) be the set of all the irreducible complex characters of G. It
follows from the orthogonality relations for characters that{

T (G,χ) :
t
⊗V →

t
⊗V

∣∣ T (G,χ) =
χ(1)
|G|

∑
σ∈G

χ(σ)P (σ); χ ∈ I(G)
}

is a set of annihilating idempotents which sum to the identity. The image of
t
⊗V under

T (G,χ) is called the symmetry class of tensors associated with G and χ and it is denoted
by V t

χ(G). It is well-known that

dimV t
χ(G) =

χ(1)
|G|

∑
σ∈G

χ(σ)sc(σ) (1)

where c(σ) is the number of cycles, including cycles of length one, in the disjoint cycle
decomposition of σ (see [7]).
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Let Γt
s be the set of all sequences α = (α1, . . . , αt) with 1 ≤ αi ≤ s, so α is a mapping

from a set of t elements into a set of s elements. Then the group G acts on Γt
s by σ.α :=

(ασ−1(1), . . . , ασ−1(t)) where σ ∈ G is a permutation on t letters and α ∈ Γt
s is a mapping

from a set of t elements into a set of s elements. Therefore the action may be written as
σ.α = ασ−1 which is a composition of two functions. Let O(α) = {σ.α| σ ∈ G} be the
orbit with representative α, also let Gα be the stabilizer of α, i.e., Gα = {σ ∈ G| σ.α = α}.
Let ∆ be a system of distinct representatives of the orbits of G acting on Γt

s and define

∆ =
{
α ∈ ∆

∣∣ ∑
σ∈Gα

χ(σ) 6= 0
}
.

Let {e1, . . . , es} be a basis of V . Denote by e∗α the tensor T (G,χ)(eα1 ⊗ · · ·⊗ eαt). For
γ ∈ ∆, V ∗

γ = 〈e∗σ·γ | σ ∈ G〉 is called the orbital subspace of V t
χ(G). It follows that

V t
χ(G) =

⊕
γ∈∆

V ∗
γ (2)

is a direct sum. In [4] Freese proved that

dimV ∗
γ =

χ(1)
|Gγ |

∑
σ∈Gγ

χ(σ), (3)

but the above formula can be written as

dimV ∗
γ = χ(1)

(
χ ↓Gγ , 1Gγ

)
Gγ
. (4)

If there exists γ ∈ Γt
s for which

(
χ ↓Gγ , 1Gγ

)
Gγ

6= 0, then we have dimV ∗
γ > 0.

Therefore by (2) we have V t
χ(G) 6= 0. So to show the non-triviality of the vector space

V t
χ(G), it is enough to show that there exists γ ∈ Γt

s for which
(
χ ↓Gγ , 1Gγ

)
Gγ

6= 0.
Several papers are devoted to calculating dimV t

χ(G) in a more closed form than (1).
Cummings [1] in the case that G is a cyclic subgroup of St generated by a cycle of length
t gives a formula for dimV t

χ(G). In [5] the case when G is a dihedral group of order 2t is
considered and a formula is given when G is equal to the whole group St in [8] and [9].
Also in [10] a formula for calculating dimV t

χ(G) in the case that G = 〈π1〉 · · · 〈πp〉 and in
[2] for G = 〈π1 . . . πp〉 is given, where πi, 1 ≤ i ≤ p, are disjoint cycles in St.

In this paper we compute dimV t
χ(G) for the projective special linear group of degree

2 over a field with q elements, namely we let G = PSL2(q), where q is a power of a prime
number. We also discuss about when these vector spaces are nonzero.
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2 Projective Special Linear Group

The special linear group of degree 2 is denoted by SL2(q), where q = pn and p is a prime
number and n is a nonnegative integer. The character table of this group when p = 2 or
p is an odd prime is given in [3]. We use these characters with the same name as in [3].

It is well-known that, if N C G and χ is a character of G with N ⊆ kerχ and if χ̂ is
a function defined by χ̂(gN) = χ(g), then χ̂ is a character of G/N . Conversely if χ̂ is a
character of G/N , then the function χ defined by χ(g) = χ̂(gN) is a character of G having
N in its kernel. In both cases χ ∈ I(G), N ⊆ kerχ, if and only if χ̂ ∈ I(G/N) (see [6]).
Since the projective special linear group of degree 2, G = PSL2(q), where q = pn, p is a
prime number, n is a nonnegative integer, is a quotient of SL2(q), we can compute the
character table of G = PSL2(q). These are given in Tables I, II and III.

It is well-known that G = PSL2(q) acts faithfully and 2-transitively on the q+1 points
of the projective line Ω and so we can assume that G = PSL2(q) is a subgroup of Sq+1,
therefore V q+1

χ (G) is meaningful for any χ ∈ I(G) and we want to compute the dimensions
of these vector spaces for all χ given in Tables I, II and III. By formula (1), to do this, we
need to know the permutation structure of the elements of G.

Now we want to obtain the permutation structure of each element of G = PSL2(q)
as a subgroup of Sq+1, but since elements in the same conjugacy class have the same
permutation structure, we obtain the permutation structure of a representative from each
conjugacy class of elements of G.

For g ∈ G, let fix(g) = {i| 1 ≤ i ≤ q + 1, g(i) = i}. Then θ defined by θ(g) =
|fix(g)|, g ∈ G, is the permutation character of G acting on the set of points. Since
G acts 2-transitively on the set of points, it is well-known that ν : G → C defined
by ν(g) = |fix(g)| − 1, g ∈ G, is an irreducible character of G (see [6]). In the case
G = PSL2(q); q is odd, q

4≡ 1; ν is equal to one of the irreducible characters in Table
I. Since ν({−I, I}1) = (q + 1) − 1 = q, ν must be equal to ψ, so |fix(g)| = 1 + ψ(g),
g ∈ G, from which we obtain the |fix(g)| row in Table IV. In the other cases we obtain the
|fix(g)| row in Table V and VI. Therefore using |fix(g)| row and o(g) row in Tables IV, V
and VI, we obtain the permutation structure of elements of G = PSL2(q). Perhaps a few
words may be necessary to explain the cycle structure of elements of PSL2(q). We use [3]
for the matrix shapes of a, b, c and d as they appear in Tables IV, V and VI. In the case
G = PSL2(q); q is odd, q

4≡ 1; if an element x has order r and r is a prime number then
all the non-trivial cycles appearing in the cycle structure of x must have length r from
which the cycle structure of {−I, I}c, {−I, I}d and {−I, I}a(q−1)/4 that have orders p, p
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and 2 respectively follows. For {−I, I}al we note that {−I, I}a has two fixed points and
two cycles of length (q − 1)/4. Now according to the properties of permutations we can
find the cycle structures of powers of {−I, I}a. The element {−I, I}b is a Singer-cycle and
consists of only one cycle and the cycle structures of its powers is clear. The discussion is
similar in the other cases.

3 On the Dimensions of Symmetry Classes of Tensors As-

sociated with G = PSL2(q)

As we remarked earlier the group G = PSL2(q) acts faithfully on the set of the one-
dimensional subspaces 〈v〉 of V2(q). Therefore we regard G as a subgroup of the symmetric
group on the q + 1 letters and find the dimensions of the symmetry classes of tensors
associated with each irreducible character of G. Note that the names of the irreducible
characters of G = PSL2(q) are as indicated in [3]. In the following (a, b) denotes the
greatest common divisor of a and b; and ρ and σ are primitive (q − 1)th and (q + 1)th
roots of unity in C respectively.

Theorem 1 Let G = PSL2(q) as a subgroup of Sq+1; where q is odd, q = pn, q
4≡ 1;

and let V be an s-dimensional vector space over the complex field C. Then we have the
following formulae for the dimension of V q+1

χ (G) where χ ∈ I(G).

dimV q+1
1G

(G) =
2

q(q2 − 1)

[
sq+1 + (q2 − 1)s1+p

n−1
+ q(q + 1)

(q−5)/4∑
l=1

s2+2(l,(q−1)/2)

+
1

2
q(q + 1)s(q+3)/2 + q(q − 1)

(q−1)/4∑
m=1

s2(m,(q+1)/2)

]
,

dimV q+1
ψ (G) =

2

q2 − 1

[
qsq+1 + q(q + 1)

(q−5)/4∑
l=1

s2+2(l,(q−1)/2) +
1

2
q(q + 1)s(q+3)/2

− q(q − 1)

(q−1)/4∑
m=1

s2(m,(q+1)/2)

]
,

dimV q+1
χi

(G) =
2

q(q − 1)

[
(q + 1)sq+1 + (q2 − 1)s1+p

n−1
+ q(q + 1)

(q−5)/4∑
l=1

(ρil + ρ−il)s2+2(l,(q−1)/2)

+
1

2
q(q + 1)(ρi(q−1)/4 + ρ−i(q−1)/4)s(q+3)/2

]
,

i = 2, 4, 6, . . . , (q − 5)/2
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dimV q+1
θj

(G) =
2

q(q + 1)

[
(q − 1)sq+1 − (q2 − 1)s1+p

n−1
− q(q − 1)

(q−1)/4∑
m=1

(σjm + σ−jm)s2(m,(q+1)/2)

]
,

j = 2, 4, 6, . . . , (q − 1)/2

dimV q+1
ξ1

(G) =
1

q(q − 1)

[
1

2
(q + 1)sq+1 +

1

2
(q2 − 1)s1+p

n−1
+ q(q + 1)

(q−5)/4∑
l=1

(−1)ls2+2(l,(q−1)/2)

+ (−1)(q−1)/4 1

2
q(q + 1)s(q+3)/2

]
,

dimV q+1
ξ2

(G) =
1

q(q − 1)

[
1

2
(q + 1)sq+1 +

1

2
(q2 − 1)s1+p

n−1
+ q(q + 1)

(q−5)/4∑
l=1

(−1)ls2+2(l,(q−1)/2)

+ (−1)(q−1)/4 1

2
q(q + 1)s(q+3)/2

]
.

Proof. It is clear that if π is a cycle of length a and (a, k) = d, then πk has d
cycles of length a/d, therefore c(πk) = d = (a, k). Now the permutation structure of the
elements of G = PSL2(q) when acting on the q + 1 one-dimensional subspaces are found
in Table IV and from formula (1) the theorem follows. Note that in any case PSL2(q)
acts 2-transitively on the q + 1 projective points and its permutation character θ is given
by θ = 1 + ψ. In fact θ(g) = 1 + ψ(g) is equal to the number of points left fixed by
g ∈ PSL2(q) which can be computed from Table I and which is indicated by fix(g). �

Similar to the above, we obtain Theorem 2 and 3 below.

Theorem 2 Let G = PSL2(q) as a subgroup of Sq+1; where q is odd, q = pn, q
4≡ 3;

and let V be an s-dimensional vector space over the complex field C. Then we have the
following formulae for the dimension of V q+1

χ (G), where χ ∈ I(G).

dimV q+1
1G

(G) =
2

q(q2 − 1)

[
sq+1 + (q2 − 1)s1+p

n−1
+ q(q + 1)

(q−3)/4∑
l=1

s2+2(l,(q−1)/2)

+ q(q − 1)

(q−3)/4∑
m=1

s2(m,(q+1)/2) +
1

2
q(q − 1)s(q+1)/2

]
,

dimV q+1
ψ (G) =

2

q2 − 1

[
qsq+1 + q(q + 1)

(q−3)/4∑
l=1

s2+2(l,(q−1)/2) − q(q − 1)

(q−3)/4∑
m=1

s2(m,(q+1)/2)

− 1

2
q(q − 1)s(q+1)/2

]
,
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dimV q+1
χi

(G) =
2

q(q − 1)

[
(q + 1)sq+1 + (q2 − 1)s1+p

n−1
+ q(q + 1)

(q−3)/4∑
l=1

(ρil + ρ−il)s2+2(l,(q−1)/2)

]
,

i = 2, 4, 6, . . . , (q − 3)/2

dimV q+1
θj

(G) =
2

q(q + 1)

[
(q − 1)sq+1 − (q2 − 1)s1+p

n−1
− q(q − 1)

(q−3)/4∑
m=1

(σjm + σ−jm)s2(m,(q+1)/2)

− 1

2
q(q − 1)(σj(q+1)/4 + σ−j(q+1)/4)s(q+1)/2

]
,

j = 2, 4, 6, . . . , (q − 3)/2

dimV q+1
η1 (G) =

1

q(q + 1)

[
1

2
(q − 1)sq+1 − 1

2
(q2 − 1)s1+p

n−1
− q(q − 1)

(q−3)/4∑
m=1

(−1)ms2(m,(q+1)/2)

+ (−1)(q+5)/4 1

2
q(q − 1)s(q+1)/2

]
,

dimV q+1
η2 (G) =

1

q(q + 1)

[
1

2
(q − 1)sq+1 − 1

2
(q2 − 1)s1+p

n−1
− q(q − 1)

(q−3)/4∑
m=1

(−1)ms2(m,(q+1)/2)

+ (−1)(q+5)/4 1

2
q(q − 1)s(q+1)/2

]
.

Theorem 3 Let G = PSL2(q) as a subgroup of Sq+1; where q is even, q = 2n; and let
V be an s-dimensional vector space over the complex field C. Then we have the following
formulae for the dimension of V q+1

χ (G), where χ ∈ I(G).

dimV q+1
1G

(G) =
1

q(q2 − 1)

[
sq+1 + (q2 − 1)s(q+2)/2 + q(q + 1)

(q−2)/2∑
l=1

s2+(l,q−1)

+ q(q − 1)

q/2∑
m=1

s(m,q+1)

]
,

dimV q+1
ψ (G) =

1

q2 − 1

qsq+1 + q(q + 1)

(q−2)/2∑
l=1

s2+(l,q−1) − q(q − 1)

q/2∑
m=1

s(m,q+1)

 ,
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dimV q+1
χi

(G) =
1

q(q − 1)

(q + 1)sq+1 + (q2 − 1)s(q+2)/2 + q(q + 1)

(q−2)/2∑
l=1

(ρil + ρ−il)s2+(l,q−1)

 ,
i = 1, 2, . . . , (q − 2)/2

dimV q+1
θj

(G) =
1

q(q + 1)

(q − 1)sq+1 − (q2 − 1)s(q+2)/2 − q(q − 1)

q/2∑
m=1

(σjm + σ−jm)s(m,q+1)

 ,
j = 1, 2, . . . , q/2

4 On the Vanishing of Symmetry Classes of Tensors Asso-

ciated with G = PSL2(q)

In this section, we discuss the question of when the symmetry classes of tensors associated
with G = PSL2(q) are nonzero vector spaces. If dimV = s = 1, then it is clear that for
all χ, χ ∈ I(G) − {1G}, V q+1

χ (G) = 0 and V q+1
1G

(G) 6= 0. Therefore we deal with the case
dimV = s = 2 in the following theorem.

Theorem 4 Consider G = PSL2(q) as a subgroup of Sq+1 and let V be a vector space
over the complex field C, such that dimV = s = 2.

a) If q is odd, q = pn, q
4≡ 1; then for all χ, χ ∈ I(G)−{χi, ξ1, ξ2| i = 2, 4, . . . , (q−5)/2; i

4≡
2}, we have V q+1

χ (G) 6= 0. Additionally if q
8≡ 1, then V q+1

ξ1
(G) 6= 0 and V q+1

ξ2
(G) 6= 0,

b) If q is odd, q = pn, q
4≡ 3; then for all χ, χ ∈ I(G)−{θj , η1, η2| j = 2, 4, . . . , (q−3)/2; j

4≡
0}, we have V q+1

χ (G) 6= 0. Additionally if q
8≡ 3, then V q+1

η1 (G) 6= 0 and V q+1
η2 (G) 6= 0,

c) If q is even, q = 2n; then for all χ, χ ∈ I(G)−{θj | 1 ≤ j ≤ q/2}, we have V q+1
χ (G) 6= 0.

Proof. Let γ = (1, 1, 2, 2, . . . , 2) ∈ Γq+1
2 and consider the action of G on the set of

2-subsets of Ω consisting of the q + 1 points; Ω{2}. This action is transitive and let
G{Ω̃}, Ω̃ ⊆ Ω, |Ω̃| = 2, denote the setwise stabilizer of Ω̃. It is easy to see that Gγ = G{Ω̃}.
By Frobenius reciprocity we have (χ ↓Gγ , 1Gγ )Gγ = (χ, 1Gγ ↑G)G. But 1Gγ ↑G= 1G{Ω̃}

↑G=
ξ is the permutation character of G acting on Ω{2}. So

(χ ↓Gγ , 1Gγ )Gγ = (χ, ξ)G (5)

where ξ(g) is the number of 2-subsets of Ω fixed by g. Consider g as a permutation on Ω
and recall that the permutation character of G on Ω is denoted by θ. Therefore there are
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(
θ(g)
2

)
subsets of Ω of size 2 which are fixed by g setwise. A simple calculation shows that

there are 1
2

(
θ(g2) − θ(g)

)
cycles of length 2 in the cycle structure of g and therefore the

total number of 2-subsets of Ω fixed by g is

ξ(g) =
(
θ(g)
2

)
+
θ(g2)− θ(g)

2
=

1
2

(
θ(g)2 + θ(g2)

)
− θ(g).

Using Tables IV, V and VI we computed the values of ξ which are given in Tables VII,
VIII and IX.

If q
4≡ 1, then the following decomposition of ξ is computed using Tables I and VII,

ξ =


1G + 2ψ + 2

∑
i
4
≡0
χi +

∑
i odd χi +

∑
j θj + ξ1 + ξ2 if q

8≡ 1,

1G + 2ψ + 2
∑

i
4
≡0
χi +

∑
i odd χi +

∑
j θj otherwise.

Therefore by (5) if χ ∈ I(G) − {χi, ξ1, ξ2| i = 2, 4, . . . , (q − 5)/2; i
4≡ 2}, then

(χ ↓Gγ , 1Gγ )Gγ 6= 0 and so V q+1
χ (G) 6= 0, additionally if q

8≡ 1, then (ξ1 ↓Gγ , 1Gγ )Gγ 6= 0
and (ξ2 ↓Gγ , 1Gγ )Gγ 6= 0 and so V q+1

ξ1
(G) 6= 0 and V q+1

ξ2
(G) 6= 0.

Furthermore, using Tables II and VIII when q
4≡ 3 we are able to decompose ξ as

follows,

ξ =


1G + ψ +

∑
i χi + 2

∑
j

4
≡2
θj +

∑
j odd θj + η1 + η2 if q

8≡ 3,

1G + ψ +
∑

i χi + 2
∑

j
4
≡2
θj +

∑
j odd θj otherwise.

Therefore by (5) if χ ∈ I(G) − {θj , η1, η2| j = 2, 4, . . . , (q − 3)/2; j
4≡ 0}, then (χ ↓Gγ

, 1Gγ )Gγ 6= 0 and so V q+1
χ (G) 6= 0, additionally if q

8≡ 3, then (η1 ↓Gγ , 1Gγ )Gγ 6= 0 and
(η2 ↓Gγ , 1Gγ )Gγ 6= 0 and so V q+1

η1 (G) 6= 0 and V q+1
η2 (G) 6= 0.

Also if q is even, then by Tables III and IX we have

ξ = 1G + ψ +
∑

i

χi.

Therefore by (5) if χ ∈ I(G) − {θj | 1 ≤ j ≤ q/2}, then (χ ↓Gγ , 1Gγ )Gγ 6= 0 and so
V q+1

χ (G) 6= 0. �

Theorem 5 Consider G = PSL2(q) as a subgroup of Sq+1 and let V be a vector space
over the complex field C, such that dimV = s ≥ 3. Then for all χ, χ ∈ I(G), we have
V q+1

χ (G) 6= 0.
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Proof. First we assume that dimV = s = 3. Let γ = (1, 2, 3, 3, . . . , 3) ∈ Γq+1
3 and

consider the action of G on the set of ordered pairs of points of Ω namely Ω(2). This
action is transitive and let G(Ω̂), Ω̂ ⊆ Ω, |Ω̂| = 2, denote the pointwise stabilizer of Ω̂.
Therefore Gγ = G(Ω̂). By Frobenius reciprocity we have (χ ↓Gγ , 1Gγ )Gγ = (χ, 1Gγ ↑G)G.
But 1Gγ ↑G= 1G(Ω̂)

↑G= ξ′ is the permutation character of G acting on Ω(2). So(
χ ↓Gγ , 1Gγ

)
Gγ

= (χ, ξ′)G (6)

where ξ′(g) is the number of ordered pairs fixed by g and so using similar techniques as
in the previous theorem we get

ξ′(g) = 2
(
θ(g)
2

)
= θ(g)2 − θ(g).

We computed the values of ξ′ in Tables VII, VIII and IX. Using these tables and the
character table of G = PSL2(q) we obtain

ξ′ = 1G + 3ψ + 2
∑

i

χi + 2
∑

j

θj + ξ1 + ξ2,

when q
4≡ 1 and therefore by (6) if χ ∈ I(G), then (χ ↓Gγ , 1Gγ )Gγ 6= 0 and so V q+1

χ (G) 6= 0.

If q
4≡ 3, then

ξ′ = 1G + 3ψ + 2
∑

i

χi + 2
∑

j

θj + η1 + η2.

Therefore by (6) if χ ∈ I(G), then (χ ↓Gγ , 1Gγ )Gγ 6= 0 and so V q+1
χ (G) 6= 0. If q is even,

then
ξ′ = 1G + 2ψ +

∑
i

χi +
∑

j

θj .

Therefore by (6) if χ ∈ I(G), then (χ ↓Gγ , 1Gγ )Gγ 6= 0 and so V q+1
χ (G) 6= 0. So we proved

that if dimV = s = 3, then V q+1
χ (G) 6= 0, for all χ, χ ∈ I(G).

Now we assume that dimV = s ≥ 4. In this case if we consider γ = (1, 2, 3, 4, 4, . . . , 4) ∈
Γq+1

s , then by Tables IV, V and VI the elements of G; except the identity, fix at most
2 points of Ω and so Gγ is the trivial subgroup of G, i.e., Gγ = {1}; therefore for all χ,
χ ∈ I(G), (χ ↓Gγ , 1Gγ )Gγ = χ(1) 6= 0 and so V q+1

χ (G) 6= 0. �
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Table I

The character table of G = PSL2(q); q is odd, q = pn, q
4≡ 1; |G| = 1

2
q(q2 − 1)

g {−I, I}1 {−I, I}c {−I, I}d {−I, I}al {−I, I}a(q−1)/4 {−I, I}bm

|(g)| 1 1
2
(q2 − 1) 1

2
(q2 − 1) q(q + 1) 1

2
q(q + 1) q(q − 1)

o(g) 1 p p (q−1)/2
(l,(q−1)/2)

2 (q+1)/2
(m,(q+1)/2)

1G 1 1 1 1 1 1

ψ q 0 0 1 1 −1

χi q + 1 1 1 ρil + ρ−il ρi(q−1)/4 + ρ−i(q−1)/4 0

θj q − 1 −1 −1 0 0 −(σjm + σ−jm)

ξ1
1
2
(q + 1) 1

2
(1 +

√
q) 1

2
(1−√

q) (−1)l (−1)(q−1)/4 0

ξ2
1
2
(q + 1) 1

2
(1−√

q) 1
2
(1 +

√
q) (−1)l (−1)(q−1)/4 0

i = 2, 4, 6, . . . , (q − 5)/2 , l = 1, 2, . . . , (q − 5)/4 , ρ = e2π
√
−1/q−1

j = 2, 4, 6, . . . , (q − 1)/2 , m = 1, 2, . . . , (q − 1)/4 , σ = e2π
√
−1/q+1

|I(G)| = 4 + q−5
4

+ q−1
4

= q+5
2

Table II

The character table of G = PSL2(q); q is odd, q = pn, q
4≡ 3; |G| = 1

2
q(q2 − 1)

g {−I, I}1 {−I, I}c {−I, I}d {−I, I}al {−I, I}bm {−I, I}b(q+1)/4

|(g)| 1 1
2
(q2 − 1) 1

2
(q2 − 1) q(q + 1) q(q − 1) 1

2
q(q − 1)

o(g) 1 p p (q−1)/2
(l,(q−1)/2)

(q+1)/2
(m,(q+1)/2)

2

1G 1 1 1 1 1 1

ψ q 0 0 1 −1 −1

χi q + 1 1 1 ρil + ρ−il 0 0

θj q − 1 −1 −1 0 −(σjm + σ−jm) −(σj(q+1)/4 + σ−j(q+1)/4)

η1
1
2
(q − 1) − 1

2
(1−

√
−q) − 1

2
(1 +

√
−q) 0 (−1)m+1 (−1)(q+5)/4

η2
1
2
(q − 1) − 1

2
(1 +

√
−q) − 1

2
(1−

√
−q) 0 (−1)m+1 (−1)(q+5)/4

i = 2, 4, 6, . . . , (q − 3)/2 , l = 1, 2, 3, . . . , (q − 3)/4 , ρ = e2π
√
−1/q−1

j = 2, 4, 6, . . . , (q − 3)/2 , m = 1, 2, 3, . . . , (q − 3)/4 , σ = e2π
√
−1/q+1

|I(G)| = 4 + q−3
4

+ q−3
4

= q+5
2
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Table III

The character table of G = PSL2(q); q is even, q = 2n; |G| = q(q2 − 1)

g {I}1 {I}c {I}al {I}bm

|(g)| 1 q2 − 1 q(q + 1) q(q − 1)

o(g) 1 2 q−1
(l,q−1)

q+1
(m,q+1)

1G 1 1 1 1

ψ q 0 1 −1

χi q + 1 1 ρil + ρ−il 0

θj q − 1 −1 0 −(σjm + σ−jm)

1 ≤ i ≤ (q − 2)/2 , 1 ≤ l ≤ (q − 2)/2 , ρ = e2π
√
−1/q−1

1 ≤ j ≤ q/2 , 1 ≤ m ≤ q/2 , σ = e2π
√
−1/q+1

|I(G)| = 2 + q−2
2

+ q
2

= q + 1

Table IV

The permutation structure of elements of the group G = PSL2(q) ≤ Sq+1; q is odd, q = pn, q
4≡ 1;

|G| = 1
2
q(q2 − 1)

g {−I, I}1 {−I, I}c {−I, I}d {−I, I}al {−I, I}a(q−1)/4 {−I, I}bm

|(g)| 1 1
2
(q2 − 1) 1

2
(q2 − 1) q(q + 1) 1

2
q(q + 1) q(q − 1)

o(g) 1 p p (q−1)/2
(l,(q−1)/2)

2 (q+1)/2
(m,(q+1)/2)

|fix(g)| q + 1 1 1 2 2 0

per. stru. of g 1q+1 11pp
n−1

11pp
n−1

12 (q−1)/2
(l,(q−1)/2)

2(l,(q−1)/2)
122(q−1)/2 (q+1)/2

(m,(q+1)/2)

2(m,(q+1)/2)

1 ≤ l ≤ (q − 5)/4

1 ≤ m ≤ (q − 1)/4
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Table V

The permutation structure of elements of the group G = PSL2(q) ≤ Sq+1; q is odd, q = pn, q
4≡ 3;

|G| = 1
2
q(q2 − 1)

g {−I, I}1 {−I, I}c {−I, I}d {−I, I}al {−I, I}bm {−I, I}b(q+1)/4

|(g)| 1 1
2
(q2 − 1) 1

2
(q2 − 1) q(q + 1) q(q − 1) 1

2
q(q − 1)

o(g) 1 p p (q−1)/2
(l,(q−1)/2)

(q+1)/2
(m,(q+1)/2)

2

|fix(g)| q + 1 1 1 2 0 0

per. stru. of g 1q+1 11pp
n−1

11pp
n−1

12 (q−1)/2
(l,(q−1)/2)

2(l,(q−1)/2) (q+1)/2
(m,(q+1)/2)

2(m,(q+1)/2)
2(q+1)/2

1 ≤ l ≤ (q − 3)/4

1 ≤ m ≤ (q − 3)/4

Table VI

The permutation structure of elements of the group G = PSL2(q) ≤ Sq+1; q is even, q = 2n;

|G| = q(q2 − 1)

g {I}1 {I}c {I}al {I}bm

|(g)| 1 q2 − 1 q(q + 1) q(q − 1)

o(g) 1 2 q−1
(l,q−1)

q+1
(m,q+1)

|fix(g)| q + 1 1 2 0

per. stru. of g 1q+1 112q/2 12 q−1
(l,q−1)

(l,q−1) q+1
(m,q+1)

(m,q+1)

1 ≤ l ≤ (q − 2)/2

1 ≤ m ≤ q/2

12



Table VII

G = PSL2(q); q is odd, q = pn, q
4≡ 1

g {−I, I}1 {−I, I}c {−I, I}d {−I, I}al {−I, I}a(q−1)/4 {−I, I}bm

|CG(g)| 1
2
q(q2 − 1) q q 1

2
(q − 1) q − 1 1

2
(q + 1)

θ(g) q + 1 1 1 2 2 0

ξ(g) 1
2
q(q + 1) 0 0 1 1

2
(q + 1) 0

ξ′(g) q(q + 1) 0 0 2 2 0

l = 1, 2, . . . , (q − 5)/4

m = 1, 2, . . . , (q − 1)/4

Table VIII

G = PSL2(q); q is odd, q = pn, q
4≡ 3

g {−I, I}1 {−I, I}c {−I, I}d {−I, I}al {−I, I}bm {−I, I}b(q+1)/4

|CG(g)| 1
2
q(q2 − 1) q q 1

2
(q − 1) 1

2
(q + 1) q + 1

θ(g) q + 1 1 1 2 0 0

ξ(g) 1
2
q(q + 1) 0 0 1 0 1

2
(q + 1)

ξ′(g) q(q + 1) 0 0 2 0 0

l = 1, 2, . . . , (q − 3)/4

m = 1, 2, . . . , (q − 3)/4

Table IX

G = PSL2(q); q is even, q = 2n

g {I}1 {I}c {I}al {I}bm

|CG(g)| q(q2 − 1) q q − 1 q + 1

θ(g) q + 1 1 2 0

ξ(g) 1
2
q(q + 1) 1

2
q 1 0

ξ′(g) q(q + 1) 0 2 0

1 ≤ l ≤ (q − 2)/2

1 ≤ m ≤ q/2
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